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Dynamical nature of the gauge degree of freedom and its eect to
fermion spectrum are studied for four-dimensional nonabelian chiral gauge
theory in the vacuum overlap formulation. The covariant gauge xing
term and the Faddeev-Popov determinant are introduced by hand as a
weight for the gauge average. At  = 1, as noticed by Hata some time
ago, the model is renormalizable at one-loop and the gauge xing term
turns into an asymptotically free self-coupling of the gauge freedom, even
in the presence of the gauge symmetry breaking of the complex phase of
chiral determinant. The severe infrared divergence occurs in the perturba-
tion expansion and it prevents local order parameters from emerging. The
Foerster-Nielsen-Ninomiya mechanism works in this perturbative frame-
work: the small explicit gauge symmetry breaking term does not aect
the above infrared structure. Based on these dynamical features, which
is quite similar to the two-dimensional nonlinear sigma model, we assume
that the global gauge symmetry does not break spontaneously and the
gauge freedom acquires mass dynamically. The asymptotic freedom al-
lows us to tame the gauge fluctuation by approaching the critical point
of the gauge freedom without spoiling its disordered nature. Then it is
argued that the disordered gauge freedom does not necessarily cause the
massless chiral state in the (waveguide) boundary correlation function and
that the entire fermion spectrum can be chiral.
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1 Introduction
It has been one of the most important issues to clarify the dynamical behavior
of the gauge freedom and its eect to the fermion spectrum for various proposals
of lattice chiral gauge theory[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17]. In this article, we discuss this issue in the context of the vacuum overlap
formulation[16].
In the vacuum overlap formulation of a generic chiral gauge theory, gauge
symmetry is explicitly broken by the complex phase of fermion determinant.
In order to restore the gauge invariance, gauge average |the integration along
gauge orbit| is invoked. Then, what is required for the dynamical nature of the
gauge freedom at  =1 (pure gauge limit) is that the global gauge symmetry
is not broken spontaneously and all the bosonic eld of the gauge freedom could
be heavy compared to a typical mass scale of the theory so as to decouple from
physical spectrum[18, 1, 2, 3, 7, 16]. For this mechanism of the gauge symmetry
restoration to work, the gauge symmetry breaking must be \small" so that it
does not spoil the disordered nature of the gauge freedom and it keeps the
correlation length of the gauge freedom in the order of the lattice spacing.
In the previous paper on the two-dimensional nonabelian gauge theory[19],
we have discussed that a certain gauge symmetry breaking term turns out to be
the asymptotically free self-coupling of the gauge freedom and it can be made
\large" without spoiling the disordered nature of the gauge freedom. Using this
technique to deform the original theory, we have argued that the disordered
gauge degree of freedom does not necessarily cause the massless chiral state in
the (waveguide) boundary correlation function[12]. We have also argued that
the decoupling of the gauge freedom can occur as the self-coupling is removed,
provided that the IR xed point due to the Wess-Zumino-Witten term is absent
by anomaly cancellation.
Our objective in this paper is to extend the above argument to nonabelian
chiral gauge theory in four-dimensions. For this purpose, we reminds us the
following facts noticed by Hata[20] some time ago: at  = 1, the covariant
gauge xing term turns into an asymptotically free self-coupling of the gauge
freedom in terms of gauge parameter and the severe IR divergence, which occurs
in the perturbation (spinwave) expansion, prevents local order parameters from
emerging. These dynamical properties are quite similar to the two-dimensional
nonlinear sigma model and they suggest that the gauge freedom acquires mass
dynamically and the global gauge symmetry does not break spontaneously for
the entire region of the gauge parameter. This is the very nature of the gauge
freedom which is required for the dynamical restoration of the gauge symmetry
in the lattice chiral gauge theory.
With this dynamical picture in mind, we rst introduce the covariant gauge
xing term and the Faddeev-Popov determinant by hand into the lattice chiral
gauge theory dened by the vacuum overlap as a weight for the gauge average.
Then we examine the pure gauge model at  =1 by the perturbation expansion
in the presence of the gauge symmetry breaking terms of the complex phase
of chiral determinants. We will nd at one-loop that the model is actually
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renormalizable and the self-coupling is asymptotically free. We will see that the
IR structure remains same and it prevents local order parameters from emerging.
We will also see that this IR structure is not aected by the small perturbation
of the gauge symmetry breaking term linear in the link variables, in accord with
the Foerster-Nielsen-Ninomiya mechanism. Based on these observations, we will
assume that the gauge freedom acquires mass dynamically and the global gauge
symmetry does not break spontaneously in the pure gauge limit.
With this assumption, we can make an argument just as in the case of the
two-dimensional nonabelian theory. Namely, the asymptotic freedom allows us
to tame the gauge fluctuation by approaching the critical point of the gauge
freedom without spoiling its disordered nature. There we will show by the
spinwave approximation that the spectrum in the invariant boundary correlation
function has mass gap of the order of the lattice cuto and it survives the
quantum correction due to the gauge fluctuation. There is no symmetry against
the spectrum mass gap. Since the overlap correlation function does not depend
on the gauge freedom and does show the chiral spectrum[16], the above fact
means that the entire fermion spectrum is chiral.
We will not discuss here how the decoupling of the gauge freedom could occur
as the self-coupling is removed, because we do not know yet much about the
non-perturbative dynamics of the pure gauge model. We will leave this issue
for future study. The lattice formulation of the four-dimensional pure gauge
model and the possibility to examine it by the Monte Carlo simulation will be
discussed elsewhere[21].
A few comments are in order. The covariant gauge xing term and the
Faddeev-Popov determinant (Faddeev-Popov ghost elds) are introduced in the
gauge xing approach for lattice chiral gauge theory of the Rome group[22].
There the restoration of the BRST invariance is attempted non-perturbatively
by adding and tuning gauge non-invariant counter terms. Since the chiral gauge
symmetry is explicitly broken by the lattice fermion regularization, the addition
of the gauge xing term does not mean the gauge xing. The integration over
the compact gauge link variables means that we are still invoking the gauge
average. What is meant by the gauge xing approach is to decouple the gauge
degree of freedom kinematically with the help of the BRST invariance which
could be restored by the ne tuning of the gauge non-invariant counter terms1.
In this approach, the global gauge symmetry does not need to be realized linearly
(symmetrically) and the gauge degree of freedom does not need to be disordered.
In this spirit of the gauge xing approach, the dynamics of the gauge degree
of freedom has been examined by Shamir and Golterman in the model with the
covariant-type gauge xing term[24, 25]. One of the points on which the authors
put a stress, among others, is that the continuum limit should be taken inside the
broken phase, because of the species doubling problem in the symmetric phase. In
the broken phase, both the fermions (including species doublers) and the gauge
boson acquire masses proportional to the vacuum expectation value of the gauge
1It is not yet clear how this non-perturbative restoration of the BRST invariance could
overcome the diculty of the manifest BRST invariant formulation of lattice gauge theory
due to Gribov copy noticed by H. Neuberger[23].
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freedom (Higgs eld). Accordingly, the main concern in the analysis is to seek
the critical points inside the broken phase at which the gauge boson becomes
massless while keeping the species doublers heavy. The authors identied the
boundary between the two broken phases, the ferromagnetic phase(FM) and
the helicoidal-ferromagnetic phase(FMD), as such critical points. The latter is
characterized by the vectorial local order parameter which breaks spontaneously
the translation and rotation invariance. Tuning the bare parameters towards
this boundary is regarded as the rst step to restore the BRST invariance.
Although we also introduce the covariant gauge xing term and the Faddeev-
Popov determinant as a weight for the gauge average, we do not try to recover
the BRST invariance. Rather, we seek the possibility to keep the gauge sym-
metry breaking as small as possible and to restore the gauge symmetry at low
energy by the mechanism of Foerster-Nielsen-Ninomiya in the case of the com-
pact nonabelian gauge group. This requires that the global gauge symmetry is
not broken spontaneously and that the gauge degree of freedom is kept disor-
dered and heavy compared to the physical scale. (For this very requirement,
we admit certain ne tuning of the gauge non-invariant counter terms.) In
the overlap formulation, the gauge symmetry breaking is reduced into only the
parity odd (imaginary) terms of the chiral determinant. A possible dynamical
but perturbative picture for the gauge symmetry restoration for the nonabelian
theory is given by Hata, as described above. In this setting, we try to show
that the disordered nature of the gauge freedom does not contradict with the
chiral fermion spectrum in the overlap formulation. We invoke the spinwave ap-
proximation in order to discuss the symmetric phase dynamics, which validity
has been argued in several interesting contexts of the two-dimensional quantum
eld theories. In order to investigate this dynamical possibility fully, we need
the non-perturbative study of the model which could incorporate the eect of
the complex action. We hope that the perturbative analysis presented here
will give us a physical and dynamical picture how the lattice chiral gauge the-
ory could emerge through the gauge average, and will motivate us to do such
non-perturbative study of the dynamics of the gauge symmetry restoration.
This paper is organized as follows. In section 2, we dene with vacuum
overlap a generic four-dimensional SU(N) chiral gauge theory. Then, we clarify
its structure in the pure gauge limit and introduce the covariant gauge xing
term and the Faddeev-Popov determinant as a weight for the gauge average.
In section 3, we discuss the dynamics of the nonabelian pure gauge model in
the presence of the gauge symmetry breaking terms in the complex phase of
the fermion determinant. In section 4, we give a perturbative analysis of the
Foerster-Nielsen-Ninomiya mechanism in the context of the pure gauge model.
In section 5, we introduce the boundary correlation functions and examine them
near the critical point. In section 6, we summarize and discuss our result.
4
2 Pure gauge limit with covariant gauge xing
term
2.1 Four-dimensional SU(N) Chiral Gauge Theory
Let us consider the four-dimensional SU(N) chiral gauge theory with left-
















The partition function of the chiral gauge theory is given by the following
formula in the vacuum overlap formulation[16]3.
Z =
Z











In this formula, jv+i and jv−i are the vacua of the second-quantized Hamil-

































































2Our convention for the SU(N) group generators is as follows:
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They are normalized by the fundamental representation so that k[r] = 1 and A[r] = 1 for it.
3We may start from the partition function with the manifest local gauge invariance, by
introducing the explicit integration over the gauge degree of freedom. We will discuss about
this alternative gauge invariant formulation and the various gauge xings in the discussion in
relation to the Wilson-Yukawa model.
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j+i and j−i are corresponding free vacua. The Wigner-Brillouin phase conven-
tion is explicitly implemented by the overlaps of vacua with the same signature
of mass.
Q
rep: stands for the product over all Weyl fermion multiplets in the
anomaly free representation. SG is the gauge action.
In the vanishing gauge coupling limit  =1, the gauge link variable is given
in the pure gauge form:
Un = gng
y
n+; gn 2 SU(N): (2.11)
Then the model describes the gauge degree of freedom coupled to fermion





















As we can see from this pure gauge limit of the original theory, the gauge
average is invoked without any weight for the gauge freedom except for the
complex phase of the chiral determinant. This way of the gauge average well
keep the disordered nature of the gauge freedom and keep its correlation length
within the order of the lattice spacing.
2.2 Covariant gauge xing term as a weight of gauge av-
erage
In order to examine the dynamical eect of the gauge average closely, it is
desirable to have control over the fluctuation of the gauge freedom[19, 26]. For
this purpose, we add to the original theory by hand the covariant gauge xing











































































E^−1ab (Un;) = Tr
(




This covariant gauge xing term[27] is formally based on the lattice Landau
gauge
rA^n = 0; (2.18)
which minimizes locally the \functional norm" of the link variables on the given
gauge orbit,






The structure of the Faddeev-Popov operator Eq. (2.16) has been examined
extensively in [28].
It should be noted that since the gauge symmetry is explicitly broken in the
vacuum overlap formulation, the addition of the gauge xing term does not mean
the gauge xing. The integration over the compact gauge link variables means
that we are still invoking the gauge average to restore the gauge symmetry. The
role of the gauge xing term is to modify the weight for the gauge degree of
freedom in the gauge average.
Accordingly, the BRST invariance does not hold in this model. The BRST


































The nilpotency holds on the gauge potential, A^an:
2BA^
a
n = 0: (2.23)
Then the gauge xing term and the Faddeev-Popov ghost action are BRST
invariant. The functional integral measure of the gauge eld and ghost and
anti-ghost elds are also BRST invariant. Only the complex phases of the
chiral determinants are BRST non-invariant, as they should be. If the BRST
invariance would exist on the lattice, the partition function must vanish as shown
by Neuberger[23]. The failure of the manifestly BRST invariant formulation of
the lattice gauge theory is due to the following reason. On a nite lattice and for
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a compact gauge group, there are even number of solutions for the gauge xing
condition, namely, the Gribov copies. Because of the compactness of the gauge
conguration space, half of them have the positive Faddeev-Popov determinants
and half of them have the negative ones. They cancel each other to result in the
vanishing partition function. In the present case, however, the gauge symmetry
breaking terms in the complex phase of the chiral determinant distinguish these
Gribov copies[30] and resolve the degeneracy. They are irrelevant in the naive
continuum limit, but they actually prevent the lattice Gribov copy (at  =1)
from being a classical solution of the equation of motion, as we will see in the
following section 3.1.
2.3 Lattice SU(N) pure gauge model with chiral fermions
In the pure gauge limit, the model reduces to the SU(N) pure gauge model[20]
in the lattice regularization which also couples to anomaly-free chiral fermions



















































Including the imaginary action, the functional integral measure of the gauge
freedom is denoted by d[g;].
This model is invariant under two global SU(N) transformations acting on


















They denes the chiral transformation of G = SU(N)LSU(N)R = SU(N)C
SU(N)H and the model is symmetric under this chiral transformation.
We refer the imaginary part of the action of the gauge freedom induced from
the fermion determinant as the Wess-Zumino-Witten term, although the actual















































Here v+(p; s) and v−(p; s) are negative-energy eigenvectors of the free Hamilto-
nians with positive and negative masses, respectively.
Note also that even in the limit  ! 1 where the covariant gauge xing
term vanishes, the modied model does not completely reduce to the original
model: the ghost and anti-ghost elds remain to couple to the gauge freedom.
3 Pure gauge dynamics with covariant gauge
xing term
In this section, following the argument given by Hata in the continuum limit, we
examine the dynamical eect of the gauge degree of freedom by the perturbation
expansion (spinwave approximation) in terms of  (2  ). We rst invoke
the background eld method[31] in order to examine the quantum eect of the
gauge freedom and the renormalization due to it, including the contributions
from the the Wess-Zumino-Witten term. Then we examine the realization of
the global gauge symmetry at  =1.
3.1 Classical solution for the equation of motion and Gri-
bov copy
We consider the dynamical degree of freedom of the gauge freedom, the ghost
and anti-ghost elds as the fluctuations from the classical congurations which
satises the equation of motion:










By substituting the above decompositions of classical and quantum components
into the action, it is expanded up to the quadratic terms of the fluctuations
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,  and . And then by performing the Gaussian functional integration of
the fluctuations, we evaluate the quantum correction to the classical action at
one-loop.
The linear terms in the fluctuation, ,  and  give the equations of motion


















































































































































Note that the last term in the l.h.s. of the equation of motion is imaginary,
which comes from the imaginary part of the action, iΓWZW [g]. Note that
this term depends non-locally on the eld variable of the gauge freedom. This
non-locality is an inevitable feature expected for any gauge non-invariant reg-
ularization of fermion. We should note that this classical equation of motion
carries the information about the anomaly cancellation. In anomaly-free theo-
ries, this imaginary term is irrelevant in the continuum limit which can be taken
for the slowly varying solution. Otherwise, it contains the nite term which cor-
responds to the variation of the Wess-Zumino-Witten term in the continuum
limit.
The simplest and trivial solution for the equation of motion is given by
gn = 1l; c
a
n = 0; c
a
n = 0: (3.7)
It solves the imaginary part simply because the matrix to be inverted in Eq. (3.6)
become simple products of the unit matrixes both in the group space and in the
10










= (2)44(q − p)ss0
i
j : (3.8)
Then the trace over the group indices vanishes. Moreover, the dependence
on the signatures of the masses m0 drop o in each contribution and they
can cancel among the contributions of the positive and negative masses. (This
reason applies to the case of the U(1) gauge theory.)
It is interesting to note the fact that the lattice Gribov copies (at  = 1)
in the usual sense, which solve the real part of the equation of motion, does not
necessarily solve the imaginary part of the equation. To see this, let us consider
the simple example of the lattice Gribov copy[32, 33, 24] given as
gn =

1l (n 6= n0)
diag(−1;−1; 1; : : : ; 1) (n = n0)
can = 0; c
a
n = 0; (3.9)
In this case, the group space and the momentum and spinor spaces are mixed
in the matrix to be inverted. Then the trace over the group indices does not
vanish in general. The dependence on the signatures of the masses m0 does
not drop o either and the cancellation hardly occurs. Therefore, this example
of the Gribov copy does not solve the equation of motion. (The rigorous proof is
beyond the scope of this paper. It is not dicult to check numerically on nite
lattice that the imaginary part does not vanish for the given lattice Gribov
copy.) The lattice Gribov copies which do not solve the imaginary part of the
equation of motion are no more the stationary point of the total action and are
suppressed by the quantum fluctuation around them in the gauge average. This
is the way how the irrelevant gauge symmetry breaking terms in the complex
phase of chiral determinant can resolve the degeneracy due to the lattice Gribov
copies. Note that we do not claim here that all the Gribov copies should be
suppressed. Especially, not for the continuum Gribov copies. Rather we point
out a possible mechanism to suppress the lattice Gribov copies in the case of
the lattice chiral gauge theory.
3.2 Gaussian gauge fluctuation and Infrared singularity
Let us assume that a classical solution for the equations of motion of g, c and c




n+^ = exp (iAn) : (3.11)
For the technical reason to extract the local operators of the background elds,
we also assume that this solution is suciently slowly varying in the lattice unit:
rAn << An: (3.12)
4The relation to the pure gauge vector potential A^n of Eq. (2.25) is given by
A^an = 2Tr fT
a sinAng : (3.10)
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Then we expand the action in terms of the fluctuations , ,  up to quadratic
terms as
S[exp(i)g; c+ ; c+ ] = S[g; c; c] + S0[
2=; ]
+ S1[
2=; ; sinA] + S1c[; =; g; c=c]
+ S2[
2=; ; sin2A; cosA− 1] + S2c[
2; g; c; c]
+ iSWZW [
2; g]: (3.13)
The explicit formula of these terms are given in the appendix A.
S0 is the free action of the fluctuations ,  and .
S0[


























2  abG(n−m): (3.15)
This is infrared(IR) divergent in four-dimensions and we need a certain IR












(We denote the dimensionless mass parameter with subscript \0" as 0 and the
dimensional one without it: a = 0.) As for the gauge xing sector, we may
invoke the dimensional regularization, which preserves the BRST invariance of
this sector.
iSWZW is the contribution from the Wess-Zumino-Witten term. According
to the decomposition of the classical solution gn and the quantum fluctuation
n, we can write the Wess-Zumino-Witten term as






































jv+i and jv−i in this case are given by the vacua of the second-quantized Hamil-
tonians with the pure gauge link variable Eq. (3.11), which consist of the clas-
sical solutions gn. We can evaluate these vacua in the expansion in terms of
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An using the Hamiltonian perturbation theory[16, 34, 35]. Then iSWZW is
obtained in the form





This result is further expanded in terms of . The linear term in  gives the con-
tribution to the equation of motion. (Note that the formula for this contribution
given in Eq. (3.4) is evaluated directly from the rst expression in Eq. (3.17).)
The quadratic term in  is what we need for the one-loop calculation by the
background eld method. We can see that every vertexes of A’s and ’s ob-
tained in this expansion of iSWZW are local in the unit of the lattice spacing.
This is because they can be regarded as the loop eect of the (ve-dimensional)
Wilson fermion with the mass m0 of the order of the lattice cuto.
We can show that the leading and the next-to-leading terms vanish identi-












eik1(l1−m)+ik2(l2−m) Γ1WZW (k1; k2):
(3.20)






























Therefore, it vanishes in anomaly-free theories.
iS1WZW [
2;A] = 0: (3.24)













eip(m−n)+ik1(l1−n)+ik2(l2−n) Γ2WZW (p; k1; k2):
(3.25)
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This term is also odd under the charge conjugation and it turns out to be










































where we have used the identity













Therefore, the next-to-leading term also vanishes for anomaly free theories.
iS2WZW [
2;A2] = 0: (3.28)
As we will see in the next subsection, the fact that the two leading terms of
iSWZW vanish identically
5 is sucient for the one-loop renormalizability of
the pure gauge model. The structure of these two terms are discussed in some
detail in the appendix C.
3.3 Quantum eect at one-loop and asymptotic freedom
The quantum correction to the classical action is obtained by performing the
Gaussian functional integration with S0,











5The third order term does not seem to vanish identically. This term turns out to be

































































We can see that the terms which are not linear in the anomaly coecient k[r] dabc[r] appear
in this order.
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which can be obtained in the expansion in terms of A, c and c,








k; (c; c)l]: (3.30)
From each one-loop contribution, the local operators which can be written in
terms of the pure gauge vector potential A and the ghost and anti-ghost elds,
c and c, should be extracted. The possible local operators of dimensions less
than ve can be listed up based on the global SU(N) gauge symmetry, the
hyper-cubic symmetry, the CP invariance, the ghost number conservation and
the anti-ghost shift symmetry[22]. The complete list for the SU(N) gauge group
is given in the appendix B. They are denoted by Ok (k = 0;    ; 13). Among
them, only O0 is the BRST invariant combination. Using these operators, the
quantum correction can be expressed formally in the form:
S[g; c; c] =
X
k
ckOk[A; c; c] +    : (3.31)
Up to the fourth order in A, c and c, we obtain













































4]i0 + hiS3WZW [A
2]S1[A]i0:
(3.37)
Here h i0 stands for the connected part of the expectation value evaluated with
the Gaussian weight S0. We have taken account of the fact that c is always
associated with the derivativer because of the invariance of the original action
under the shift symmetry:
cn −! cn + : (3.38)
We have also taken account of the fact that iS1WZW and iS2WZW are
identically zero.
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We can see in the above expressions that all the contributions from the Wess-
Zumino-Witten term are imaginary at this order. To be real, it needs at least two
imaginary induced vertexes. However, the imaginary induced vertexes quadratic
in , iSkWZW [
2;Ak]’s, start from the third order in the pure gauge vector
potential A. Then it must have the dimensions more than ve. On the other
hand, the local operators of dimensions less than ve, Ok’s, preserve parity and
charge conjugation invariance separately and are real. Therefore, there occurs
no contribution due to the Wess-Zumino-Witten term to these local operators
of dimensions less than ve at the one-loop. All contributions come from the
gauge xing sector and they respect the BRST invariance.
The BRST invariant operator of dimensions less than ve, which is given by































Then it is enough to evaluate the terms up to the order O(A2). They are given
by Eqs. (3.32), (3.33), (3.34) and (3.35), and are evaluated as follows:





































ln(0) + C (0 << 1): (3.41)
The calculation is described in some detail in the appendix E. This logarithmic










This proves the one-loop renormalizability of the pure gauge model of the lat-
tice SU(N) chiral gauge theory dened by the vacuum overlap. This one-loop
renormalizability can be regarded as an indication of the \smallness" of the
gauge symmetry breaking which is caused by the gauge non-invariant denition
of the complex phase of chiral determinant[16].








which means that  is asymptotically free, as noticed by Hata[20].
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3.4 IR singularity and unbroken global gauge symmetry
In this subsection, we examine the realization of the global gauge symmetry at
 = 0 in the pure gauge model within the framework of the perturbation theory.
As we have seen in Eq. (3.15) in the subsection 3.2, the gauge fluctuation shows






suers from the IR divergence and cannot be regarded to be the physical ob-
servable. This situation is very analogous to the two-dimensional chiral SU(N)
nonlinear sigma model, as noticed by Hata[20]. This analogy suggests us that
we would examine the chiral SU(N) invariant two-point function of the gauge
freedom, in which the IR divergence is expected to cancel by the similar mech-
anism in the two-dimensional case[36]. Based on the one-loop renormalizability
of the pure gauge model, which we have observed in the previous section, we
can examine it also by the renormalization group method.












In the perturbation expansion in terms of , it is given at the leading order as




















ln (jnj) ; (jnj >> 1): (3.47)
Note that the IR divergence associated to the propagator of  is actually can-
celed in this invariant correlation function. We assume this cancellation of
the IR divergence holds at higher orders as in the two-dimensional nonlinear
sigma model[20, 36]. Then G(n) is a function of the dimensionless parameters
jxj=a (n = ax) and .









Gg(jxj=a; ) = 0: (3.48)











In order to see the long-distance behavior of the two-point function, we will
solve the renormalization group equation and improve the two-point function
by the renormalization group method. We rst introduce the eective coupling




x = (x); a = : (3.50)
a is identied with the bare coupling constant . Then the solution of the
renormalization group equation can be written in the form






































We should note that the validity of this improved two-point function is re-
stricted in the region of the distance


















In spite of the restricted validity of the two-point function, its power behavior
strongly suggests that the two-point function vanishes at large distance and
therefore that the global gauge symmetry does not break spontaneously at  =1.
Furthermore, the asymptotic freedom is suggesting the dynamical generation of
the mass of the gauge freedom by the dimensional transmutation:
m = c: (3.56)
From the point of view of the Foerster-Nielsen-Ninomiya mechanism[18], we
see that the gauge symmetry breaking due to the covariant gauge xing term
and the Faddeev-Popov ghost action is very special; it gives the asymptotically
free self-coupling of the gauge degree of freedom and it can be \large" without
spoiling the disordered nature of the gauge freedom by virtue of the severe IR
singularity which occurs when it is \large". Moreover, the coupling could control
the mass scale of the gauge freedom by the relation Eq. (3.56), if it would be
generated dynamically. Note that the situation is quite similar to that of the
two-dimensional nonabelian chiral gauge theory[19].
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4 Perturbative Foerster-Nielsen-Ninomiya mech-
anism
4.1 Eect of explicit gauge symmetry breaking
The one-loop renormalizability and the symmetric realization of the global gauge
symmetry due to the asymptotic freedom and the IR singularity are remarkable
properties of the pure gauge model. However, since the model breaks gauge
(BRST) invariance explicitly by the Wess-Zumino-Witten term, there is no rea-
son based on symmetry to expect that the renormalizability also holds at higher
orders. Rather, we expect the gauge non-invariant divergent and nite terms,
which can be written in terms of the local operators of the dimension less than
ve, Ok (k = 1;    ; 13), at some higher, but nite orders.
In this section, in order to examine the eect of such gauge breaking terms,
we will consider the situation in which we have the explicit gauge breaking term






























and examine how this gauge symmetry breaking term would spoil the disordered
nature of the gauge freedom and causes the system to fall into the broken phase,
or how \small" such gauge symmetry breaking terms must be in order to keep
the system in the symmetric phase. Note that this analysis is nothing but
the analysis of the Foerster-Nielsen-Ninomiya mechanism[18] in the context of
the pure gauge model. Here we can examine this dynamical issue within the
framework of the perturbation theory.
From the point of view of the (continuum limit) perturbation theory of the
nonabelian gauge theory, it is well-known that the introduction of the mass term
of the vector boson does not aect the renormalizability of the theory, although
it breaks BRST invariance explicitly. It is also known that based on this fact,
the mass term can be used as an IR regulator for the massless vector boson6. We
will see, as expected, that this is also true in the pure gauge model. Moreover,
we will nd a close relation between the prescription of the IR regularization by
the mass term and the Foerster-Nielsen-Ninomiya mechanism.
4.2 Renormalizability with gauge symmetry breaking
Let us rst check the renormalizability of the pure gauge model in the presence
of the explicit gauge symmetry breaking term. We will repeat the one-loop
6A proof of the renormalizability of the nonabelian gauge theory with the mass term of the
gauge eld based on the Ward-Takahashi (Slavnov-Taylor) identity can be found, for example,
in [37].
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analysis by the background eld method, including the gauge breaking term
Eq. (4.2). It is expanded up to the quadratic terms in the quantum gauge
fluctuation  as
SB[exp(i)g] = SB [g] + SB 0[
2]
+ SB 1[
2; sinA] + SB 2[
2; cosA− 1] +O(3): (4.3)
The explicit formula of these terms are given in the appendix F. The linear





































Here we have set
M20 = K
2: (4.6)
(We denote the dimensionless mass parameter with subscript \0" as M0 and the
dimensional one without it: Ma = M0.) This correction does not change the
ultraviolet(UV) behavior of the propagator, but does change the IR structure
substantially: it is no more IR divergent in four-dimensions.
The quantum correction to the classical action are now divided into two
classes: the rst class consists of the contributions which does not have the
gauge-breaking vertexes from SB and are given by the same expressions as
Eqs. (3.32), (3.33), (3.34), (3.35), (3.36) and (3.37). But these terms should
be evaluated with the propagator given by Eq. (4.5) rather than Eq. (3.15).
Taking account of the fact that M20 should be counted to have mass dimension
two, they are evaluated as




































































ln(M0) + ~CB (M0 << 1): (4.9)
The second class consists of the additional contribution due to the gauge-
breaking vertexes. They are given as follows up to the second order in A:
SB 1[A] = hSB 1[A]i0; (4.10)
SB 2[A





2i0 + hSB 1[A]S1[A]i0: (4.11)
They are evaluated as follows:








From these results, we can see that the pure gauge model with the explicit
gauge symmetry breaking Eq. (4.2) is actually renormalizable at one-loop. The
























 should be understood as a certain renormalization point.
4.3 Restoration of chiral SU(N) global symmetry
Let us next examine the realization of the chiral SU(N) global symmetry. Since
the IR singularity of the pure gauge model is now \regularized" by the introduc-

























For a genericK and a small , it does not vanish and the chiral SU(N) symmetry
breaks down to its vector subgroup SU(N)V .
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However, the second term is potentially IR(UV) divergent and it becomes




lnK2 + CB (0 < K << 1): (4.16)
It could be large so that it cancels the rst term. As a crude approximation,
the critical point at which the local order parameter vanishes can be estimated



















From this relation, we can see that, if K is suciently small so that 0  K < Kc,
the chiral SU(N) global symmetry can be restored.
We may examine the invariant two-point function as before. At the leading
order, it reads







From the long distance behavior of GB(n) for jnj >> 1, we should be able to
extract the realization of the chiral SU(N). But in this case, since we have in-
troduced the parameter aM = M0 which has mass dimension, the long distance
limit can depend on the relative scale to this parameter.
In fact, the long distance behavior which corresponds to the spontaneous





In this limit, we can see that GB(n) falls o in power and exponentially for


























−Be−cM0jnj (M0jnj > 1): (4.20)




Tr fhgi hgig 6= 0; (jnj −! 1); (4.21)
indicating the spontaneous breakdown of the chiral SU(N) global symmetry.
Thus the \large" gauge symmetry breaking term causes the system to fall into
the broken phase. Here \large" means that
M0 = K







On the other hand, we may consider another long distance limit such that
1
M0
> jnj >> 1: (4.23)




ln (M0jnj) ; (0 < M0jnj < 1): (4.24)
This means that the invariant two-point function decreases at the long distance
by the power law. Since the perturbative calculation is subject to the restriction
of the validity for the long distance due to the asymptotic freedom, this second
limit is a possible alternative as long as M0 is \small" so that











This relation is giving the criterion about how \small" the gauge symmetry
breaking term M0 must be for the chiral SU(N) global symmetry to be restored
at long distance. Note that this condition is consistent with the previous crude
estimation of the critical point.
Based on the renormalizability, the two-point function can be examined by












Gg(jxj=a; ; aM) = 0:
(4.26)
Here we assume the mass independent renormalization scheme[38] for a technical








Using the leading order result Eq. (4.18), we also obtain the anomalous dimen-









We introduce the eective coupling constant x and the eective mass M
2
x at














a are identied with the bare coupling constants  and M
2. Then the
solution of the renormalization group equation can be written in the form









Gg(1; x; aMx); (4.31)
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Using the leading order result Eq. (3.46), and the one-loop , γg and γM , we
obtain





























From this expression, we can see that the invariant two-point function has the
power behavior same as before, as long as the following relation among the
scales is satised:







This is the renormalized version of the criterion for the restoration of the chiral
SU(N) global symmetry. From the point of view of the prescription of the IR
regularization, this condition is just telling that the IR regularization mass M
must be smaller than the scale of the theory  so that its eect should be
irrelevant physically.
4.4 Phase diagram of the pure gauge model
This criterion for the restoration of the chiral SU(N) global symmetry can be
regarded to dene the phase boundary between the symmetric phase and the













We can see that, although it is tiny for a small , a nite region of K can
exist, where the chiral SU(N) global symmetry is restored. Namely, if K is
suciently small so that 0  K < Kc(), the chiral SU(N) would not be
broken spontaneously. As  becomes large, this symmetric region is expected
to become larger, because the bound becomes milder.
If no phase transition would occur in the course of removing the covariant
gauge xing term along the limit:
!1; K = 0; (4.36)
then it is naturally expected that the critical line Kc() nally reaches the criti-
cal point of the usual four-dimensional SU(N) non-linear sigma model (coupled
to the fermion and ghost elds), Kc(1). In the case of the anomaly-free the-











Figure 1: Possible phase structure for the pure gauge model of anomaly-free
SU(N) non-abelian chiral gauge theory.
coupling space of (1=;K) is given by Fig. 1. We should note that the existence
of the symmetric phase in the region of the small  can be possible here due
to the IR singularity and the non-abelian nature of the pure gauge dynamics,
namely the asymptotic freedom.
By the mean-eld method, the phase structure has been examined in [24] for
the similar model with the higher derivative coupling term which is induced from
the covariant-type gauge xing action proposed in [25]. According to this result,
the paramagnetic (PM) phase terminates at a nite value of 1= on the line
K = 0. Beyond this point, the critical line which separates the ferromagnetic
phase(FM) and the helicoidal-ferromagnetic phase(FMD) lies along the K = 0
line to the limit 1= =1.
The point we make here is the possibility that this transition point among
PM, FM and FMD phases and the phase boundary line of FM and FMD phases
can be pushed away to the limit 1= = 1, due to the non-abelian nature of
the gauge freedom. By virtue of the asymptotic freedom, the mass of the gauge
freedom can be generated and the paramagnetic(PM) phase can persist up to
the UV xed point of  at 1= = 1. Our analysis of the eect of the gauge
symmetry breaking term based on the perturbation theory is suggesting this
possibility, supporting the picture of the dynamical restoration of the chiral
SU(N) symmetry given by Hata[20]. This dynamical restoration is protected
from the \small" gauge symmetry breaking by the Foerster-Nielsen-Ninomiya
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mechanism.
On the other hand, if an IR xed point of  could occur, the disordered phase
which is found in the perturbation theory, may not necessarily be connected to
the disordered phase of the usual four-dimensional non-linear sigma model along
the line
0  K  Kc(1);  =1: (4.37)
In the case of the two-dimensional nonabelian chiral gauge theory, the quantum
eect of anomaly (Wess-Zumino-Witten term) produces such an IR xed point.
It is quite interesting if it could happen in four-dimensions, because it would
be possible to distinguish the anomalous theory from the anomaly-free theory
by the dynamical nature of the gauge degree of freedom at  =1. To explore
this possibility, we need to examine the eects of the higher order quantum
corrections in both anomalous and anomaly-free theories, which is beyond the
scope of this article.
In order to examine the phase structure of the pure gauge model fully, we
need the analysis beyond the perturbation theory. We will leave this issue for
future study. The lattice formulation of the four-dimensional pure gauge model
and the possibility to examine it by the Monte Carlo simulation will be discussed
elsewhere[21].
4.5 Induced gauge symmetry breaking and counter term
Next we consider the eect of the induced gauge symmetry breaking terms from
the Wess-Zumino-Witten term. Since there is no reason based on the symmetry,
we cannot escape them. Here we consider the breaking term of dimension two,
O1, as before. Let us assume the situation in which we get additive contributions
of the induced gauge breaking in the coupling K and it is written eectively in
the form
Ke = K +Kind(): (4.38)
By the consideration based on the charge conjugation and the anomaly cancel-






Since Kc() has the essential singularity in , any polynomial of  cannot satisfy
the criterion of the symmetry restoration for small . This means that any
perturbatively induced term can cause the spontaneous break down of the chiral
SU(N). Therefore we are forced to introduce the counter term as a part of the
explicit breaking term so that Ke satises
0 < Ke < Kc(); (4.40)
where
Ke = K +Kind() + Kcount: (4.41)
7The author owes this point to the discussion with A. Yamada.
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This ne tuning can be achieved, since the nite region of K for the symmetry
restoration can exist for the nonabelian gauge theory, as we have argued in the
previous subsection. As  becomes larger, we can expect that this ne tuning
becomes milder. With this counter terms, the IR structure of the pure gauge
model can be maintained and all the properties of the pure gauge model hold
true.
5 Disordered gauge freedom and chiral fermion
Based on the dynamical features observed in the previous section, we assume
that the global gauge symmetry does not break spontaneously and the gauge
freedom acquires mass dynamically in the pure gauge limit for the entire region
of the gauge parameter. Under this assumption, we examine the spectrum of the
fermion correlation functions in the vacuum overlap formulation. Our strategy
is, with the help of the asymptotic freedom, to tame the gauge fluctuation by
approaching the critical point of the gauge degree of freedom without spoiling
its disordered nature. Namely, we invoke the perturbation (spinwave) expansion
in order to examine the fermion spectrum in the disordered phase.
5.1 Overlap correlation function
Before discussing the dynamical eect of the disordered gauge freedom to the
fermion spectrum in lattice chiral gauge theory, let us rst summarize what
happens in the pure gauge limit of the lattice QCD. In the limit of vanishing
gauge coupling, the gauge variable is restricted to the pure gauge form
Un = gng
y
n+; gn 2 SU(3) ( =1): (5.1)



















Since the action still possess the local gauge invariance, we cannot identify
directly the \colored" quark even in the pure gauge limit through the gauge





This is because it must vanish according to the Elitzur’s theorem[39].
On the other hand, by the change of variable,






the action turns into that of the free Wilson fermion. The functional integral
measure of the quark eld is invariant under the change of variable. Therefore
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the gauge freedom decouples completely from the fermion. This action has a
symmetry under the global transformation,
 ni ! h
j
i nj h 2 SU(3); (5.5)
This is not the global gauge symmetry but comes from the arbitrariness of
choice of the pure gauge variable. We refer this as SU(3)H .  n belongs to the
fundamental representation of SU(3)H .
The fermion spectrum is measurable by the gauge invariant correlation func-
tion
h ni  m
ji; (5.6)
which is given by the correlation function of the free Wilson fermion. By virtue
of the Wilson term, the masses of the species doubles are lifted to cuto scale.
Since  n belongs to the fundamental representation of the SU(3)H , the correct
number of light Dirac fermions emerge just same as the quark in the fundamental
representation of SU(3)Color.
In the lattice chiral gauge theory based on the vacuum overlap, the cor-
relation functions of fermion are dened by putting creation and annihilation
operators in the overlap of vacua with dierent masses. We refer the correlation
function in this denition as overlap correlation function. The two-point overlap










































hv + jv−ir: (5.7)
This correlation function does not transform covariantly under the local gauge
transformation because of the explicit gauge symmetry breaking. Only under
the global gauge transformation Eq. (2.26), it does.

























By noting the transformation property of the creation and annihilation oper-
ators under the action of G^, we can see that this correlation function has the
structure of the product of the free fermion two-point correlator and the corre-





























If the gauge degree of freedom would be disordered and would have a very
short correlation length of the order of the lattice spacing, it is hardly expected
that we could nd a physical fermion in this correlation function, even when
the free fermion two-point correlator could have a pole of physical particle.
In fact, according to our perturbative analysis with the covariant gauge xing
term given in the previous section, the non-invariant correlation functions suer
from the IR divergence in general and they cannot be regarded as the physical
observables. We may think of the invariant counterpart of the above correlation
function by taking the trace over the group indexes. However, since the invariant




















its combolution with the free fermion correlator cannot describe a physical free
particle[40]. We may regard this screening phenomenon as the counterpart of the
Elitzur’s theorem in the Lattice QCD. The theorem, as noticed in [16], does not
seem possible to be established in the lattice chiral gauge theory dened by the
vacuum overlap because of the nonlocal nature of the fermion determinant, even
when it is formulated with the manifest local gauge invariance by the explicit
integration over the gauge degree of freedom. But, due to the disordered gauge
degree of freedom, the screening of the \color charge" can take place eectively.
This correspondence is quite analogous to the mapping of the dynamical features
between the two-dimensional nonlinear sigma model and the four-dimensional
Yang-Mills theory.
On the other hand, just in the same manner as the lattice QCD at  = 1
as we reviewed above, we can consider the change of variables













































This correlation function is invariant under the global gauge transformation
SU(N)C . It transforms covariantly under the global transformation SU(N)H
given by Eq. (2.27). It was shown in [16] that free Weyl fermions appear from
this correlation function, which degeneracy is just same as that of the contin-
uum Weyl fermion in the representation r. The appearance of poles of species
doublers are suppressed by the appearance of zeros at the vanishing momenta
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for doublers.8 Note also that the gauge degree of freedom completely decouples
from this correlation function. This is a remarkable property of the overlap cor-
relation function. It makes it easy and clear to identify the fermion spectrum
in the pure gauge limit.
By these observations, we can see that the way the Weyl fermion emerges
in the pure gauge limit in the overlap correlation function is quite analogous
to the way the Dirac fermion does in the pure gauge limit of the lattice QCD,
although the mechanism to suppress the species doublers is quite dierent.
5.2 Boundary fermion correlation function
However, through the analysis of the waveguide model[11], it has been claimed
that the required disordered nature of the gauge freedom causes the vector-like
spectrum of fermion[12]. In this argument, the fermion correlation functions at
the waveguide boundaries were examined. One may think of the counter parts
of these correlation functions in the overlap formulation by putting creation and
annihilation operators in the overlap of vacua with the same signature of mass.
Let us refer this kind of correlation function as boundary correlation function.
We should note that the boundary correlation functions are no more the ob-
servables in the sense dened in the overlap formulation[16]; they cannot be
expressed by the overlap of two vacua with their phases xed by the Wigner-
Brillouin phase convention. But, they are still relevant because they can probe
the auxiliary fermionic system for the denition of the complex phase of chi-
ral determinant and therefore the anomaly (the Wess-Zumino-Witten term). If
massless chiral states could actually appear in the boundary correlation func-
tions, we would have diculty dening the complex phase.
As for the overlap of the vacuum of the Hamiltonian with negative mass,
































































8This has been pointed out to be a possible way out of the Nielsen-Ninomiya theorem.[41,
42] However, the examples are known in which they cause ghost states which contribute to the
vacuum polarization with wrong signature and lead to the wrong normalization[43, 44]. In the
case of the vacuum overlap formulation, it has been shown that the perturbative calculation
gives the correct normalization of the vacuum polarization[45, 34, 46]. This result is naturally
understood from the point of view of the innite number of the Pauli-Villars elds[47]. Still
it is desirable to clarify this point in relation to the Ward identity[44].
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The transformation properties of these correlation functions under the chiral






































Note that contrary to the case of the overlap correlation functions, the gauge
freedom never decouple from these boundary correlation functions. Then, due
to the severe IR singularity, only chiral SU(N) invariant quantities can be used
as observables[36]. The rst and second correlation functions can be made
invariant under the chiral SU(N) by taking the trace over the group indices. The
third one cannot be made invariant and we should discard it from observables.
We will examine these two invariant correlation functions associated to the
overlap of the vacuum of the Hamiltonian with negative mass in the following.
As for the positive mass case, there are similarly three possible denitions of
boundary correlation function in the representation r. They could be examined
in a similar manner as the boundary correlation function associated with the
negative mass.
5.2.1 Expression of boundary correlation functions
The invariant boundary correlation functions associated to the overlap of the










































































































We refer the reader to [19] for the detail of the calculation.
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cancel among the second and third terms in the r.h.s. of Eqs. (5.23) and (5.24).




5.2.2 Boundary correlation functions at criticality








9It is not dicult to see that the infrared divergence remains in the correlation function of




















C2(p) + (B(p) −m0)
2; (5.29)




(1− cos p): (5.31)
This boundary correlation function does not show any pole which can be
interpreted as particle. Rather, it consists of the continuum spectrum with a
mass gap. To see it, we consider the boundary correlation function without the
spinor structure for simplicity. For the xed spatial momentum pk (k = 1; 2; 3),









































The minimum of M(!; pk) can be identied as the mass gap. For m0 = 0:5, it
appears at ! = 0 and pk = 0. In this case, the mass gap MB is given by




Since the mass gap is of order of the cuto, no light physical particle emerges
in the boundary correlation functions on the critical point. They have very
short-distance nature.10
5.2.3 Boundary correlation functions o criticality
Once we know that the boundary correlation functions have short distance na-
ture at  = 0, the quantum correction to such quantities can be evaluated by the
perturbation theory in  rather reliably by virtue of the asymptotic freedom.
10In fact, the boundary correlation function can be derived from the correlation function of
the three-dimensional massive fermion by the reduction to the two-dimensional space-time.
This is why the continuum spectrum with mass gap emerges.
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Since Sv− has the short correlation length of the order of the lattice spacing as
we have shown, its combolutions in Eqs. (5.23) and (5.24) with the correlation
function of the gauge freedom Eq. (5.25) also have short correlation lengths,
even though Eq. (5.25) is logarithmically increasing function of the distance jnj.
There is no symmetry against the mass gap. This result shows that even inside
of the symmetric phase o the critical point, no light particle emerges in the
boundary correlation functions. Since the overlap correlation function does not
depend on the gauge freedom at all and does show the chiral spectrum[16], as
we have seen, the above fact means that the entire fermion spectrum is chiral.
Thus, the disordered nature of the gauge freedom does not contradict with the
chiral fermion spectrum.
6 Summary and Discussion
In summary, we have examined the dynamical nature of the gauge degree of
freedom in the lattice pure gauge model. The model is obtained in the limit
 =1 from the four-dimensional SU(N) nonabelian chiral gauge theory which
is dened by the vacuum overlap and is modied in the weight of the gauge
average by introducing the covariant gauge xing term and the Faddeev-Popov
determinant.
In the continuum theory, it has been noticed by Hata that the model has
the dynamical features which is quite similar to the two-dimensional nonlin-
ear sigma model. Namely, it is renormalizable in the perturbation theory and
the self-coupling of the gauge freedom is asymptotically free. The severe IR
divergence, which occurs in the perturbation expansion, prevents local order
parameters from emerging. These dynamical features suggest that the global
gauge symmetry does not break spontaneously and the gauge degree of freedom
acquires mass dynamically by the dimensional transmutation.
The dierent feature in the lattice counterpart, which is obtained from the
lattice chiral gauge theory in consideration, is that the gauge degree of free-
dom does not decouple from the fermion determinant and has coupling through
the gauge (BRST) non-invariant piece of the complex phase of chiral determi-
nant. What we showed rst is that even in the presence of these gauge (BRST)
symmetry breaking terms, the model is renormalizable at one-loop and the self-
coupling of the gauge freedom is indeed asymptotically free. The IR divergence
also occurs and it prevents local order parameters from emerging. Therefore, as
in the continuum theory, the gauge degree of freedom is disordered at  = 1.
In this analysis, we also found that the lattice Gribov copies are no more the
stationary points of the total action and should be suppressed in the gauge
average.
Because of the lack of the gauge (BRST) symmetry, however, it is expected
that the gauge non-invariant divergent and nite terms would be induced at
some higher but nite orders. In order to clarify the eect of such terms,
we next performed the perturbative analysis of the Foerster-Nielsen-Ninomiya
mechanism. Namely, we introduced the explicit real gauge symmetry breaking
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term, O1, and examined how this term would spoil the disordered nature of
the gauge freedom or how small the breaking term must be in order to keep
that nature. Although it is small for small , we found a nite region of the
coupling constant of O1 for which the eect of the breaking term does not alter
the power-law long distance behavior of the invariant two-point function of the
gauge freedom. This means that, even if the gauge breaking term of the type O1
is induced, by tuning the counter term, we can keep the disordered nature of the
gauge freedom. From this analysis, the phase structure of the pure gauge model
was also argued. We also found that the model remains renormalizable with O1
and that the Foerster-Nielsen-Ninomiya mechanism in this perturbative frame-
work is closely related to the IR regularization prescription of the continuum
perturbation theory by the mass term for the gauge boson.
Based on these dynamical features, which is quite similar to the nonlinear
sigma model in two-dimensions, and following Hata’s scenario for the dynamical
gauge symmetry restoration, we then assumed that the global gauge symmetry
does not break spontaneously and the gauge freedom acquires mass dynamically
in the pure gauge limit for the entire region of the gauge parameter.
Under this assumption, the asymptotic freedom allows us to tame the gauge
fluctuation by approaching the critical point of the gauge freedom without spoil-
ing its disordered nature. There we showed by the perturbation expansion that
the spectrum in the invariant boundary correlation functions, which is free from
IR divergence, have mass gap of the order of the lattice cuto and it survives the
quantum correction due to the gauge fluctuation. There is no symmetry against
the spectrum mass gap. This means that no light state appear in the bound-
ary correlation functions and they cannot be regarded as physically relevant
observables.
From the overlap correlation functions, on the other hand, the gauge degree
of freedom decouples completely. This is a remarkable property of the overlap
correlation function. It makes it easy and clear to identify the fermion spectrum
in the pure gauge limit. In fact, the correct number of free Weyl fermions
emerge from this correlation function. The appearance of the poles of species
doublers are suppressed by the appearance of zeros at the vanishing momenta
for doublers. Therefore the entire fermion spectrum is chiral and consistent with
the continuum target theory. Thus we argued that the dynamical restoration
of the gauge symmetry due to the disordered gauge degree of freedom does not
contradict with the chiral fermion spectrum in the vacuum overlap formulation
of lattice SU(N) chiral gauge theory.
Finally, let us make a few comments related to the formulation with the
manifest local gauge invariance. We might start from the partition function
with the manifest local gauge invariance, by introducing the explicit integration


























Here the eld variable !n takes its value in SU(N) and is assumed to transform











As to the gauge link variable in the gauge xing term and the Faddeev-Popov




Accordingly, !A^n is dened from
!Un by the denition of the lattice vector
potential Eq. (2.15). Besides the gauge symmetry, there exists a global SU(N)
symmetry under the transformation which we refer as global SU(N)H0 :
!n −! h
0!n; h
0 2 SU(N)H0 : (6.5)


























In this limit, there emerges another global SU(N) symmetry, which we have
refered as global SU(N)H :
gn −! gnh
y; h 2 SU(N)H : (6.7)
If we x the local gauge symmetry so that
!n = 1; Ω^ = 1l; (6.8)
the model reduces to the form with which we have discussed in this article. The
symmetry is then reduced to
SU(N)C ⊗ SU(N)H ; SU(N)H0  SU(N)C : (6.9)
On the other hand, we can x the local gauge symmetry so that
gn = 1; G^ = 1l: (6.10)
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In this case, the symmetry is reduced to
SU(N)H0 ⊗ SU(N)C ; SU(N)C  SU(N)H : (6.11)
We note that, in the context of the Wilson-Yukawa model[1, 2, 3], this way of
the gauge xing leads to the formulation in terms of the \ordinary" fermion,
with !n to appear in the Wilson-Yukawa coupling term. There, the \C-charged"
fermion is called \charged" and \H 0-charged" fermion is called \neutral". With
this correspondence in mind, we next clarify the correspondence of the fermion
correlation functions.
The gauge covariant overlap correlation function in the pure gauge limit,

































































Note that this is the \C-charged" (\charged") correlation function and the gauge
freedom ! decouples completely from it. (Note also that this correlation func-
tion corresponds to the \colored" quark correlation function Eq. (5.3) when the
gauge is xed so that gn = 1 in QCD.) This correlation function has the same
structure as the \H-charged" correlation function Eq. (5.12) in the rst gauge,
in which, as we know, the correct number of the Weyl fermions appear. This
means that in the vacuum overlap formulation, the \charged" fermions appear
in the correct chiral spectrum. As for the \neutral" fermions, we have seen
in the rst gauge that the \C-charged" fermions cannot be observed due to
the IR singularity and it means that the \H 0-charged"(\neutral") fermion does
not appear in the physical spectrum. Therefore, there is no problem here con-
cerning the \neutral"-ness of the fermion and the triviality of the chiral vector
coupling[48]. 11
11We can nd in [24] (latest revised version) the similar observation. For the explicit calcu-
lation, the author refers to forthcoming papers. Note that, in the overlap formulation, once
we understand that any light states do not appear in the boundary correlation functions, the
spectrum of the \charged" fermion can be easily and clearly read from the overlap correlation
function because the gauge degree of freedom decouples completely from it.
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From these observations, we see that the several questions raised to the
Wilson-Yukawa model; the absence of the \charged" fermion, the vector-like
spectrum of the \neutral" fermion and the triviality of its chiral coupling to vec-
tor boson, do not apply to the lattice chiral gauge theory dened by the vacuum
overlap formulation. As to the fermion number violation, it has been already
demonstrated in several contexts that the overlap formulation can correctly re-
produce the eect of the instanton and can describe such physical process of the
fermion number violation[16, 50].
As to the Wilson-Yukawa model for the standard model itself, the possible
answer for these long standing questions has been described in [24](latest re-
vised version) in relation to the dynamics of the gauge freedom governed by the
covariant-type gauge xing term[25]. It may be interesting to reconsider the
Eichten-Preskill model for the nonabelian chiral gauge theory [5, 6, 51] from
the point of view of the nonabelian dynamics of the gauge degree of freedom
discussed in this paper.
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Appendix
A Expansion of the action in gauge fluctuation
In this appendix, we give the explicit formula of Eq. (3.13): the action expanded
in terms of the fluctuations of the gauge freedom, ghost and anti-ghost eld
around a classical conguration.
S[exp(i)g; c+ ; c+ ] = S[g; c; c] + S0[
2=; ]
+ S1[
2=; ; sinA] + S1c[; =; g; c=c]
+ S2[
2=; ; sin2A; cosA− 1] + S2c[

























+ iΓWZW [g]; (A.2)
S0[






























































































r fTr [(n+^[n+^; T
a]
+n[n; T
a] + [T a; n+^]n+^





































































































































































T aT b2n − 2n+^T










T bT a2n+^ − 2nT












T bT a2n − 2n+^T










T aT b2n+^ − 2nT












B Local operators of dimensions less than ve
The possible local operators of dimensions less than ve can be listed up based
on the global SU(N) gauge symmetry, the hyper-cubic symmetry, the CP in-
variance, the ghost number conservation and the anti-ghost shift symmetry[22].
































































































































































C Contribution of the Wess-Zumino-Witten term
iSWZW in Eq. (3.13) is the contribution from the Wess-Zumino-Witten term.
This is evaluated from Eq. (3.17),






































jv+i and jv−i are given in this case by the vacua of the second-quantized Hamil-
tonians with the pure gauge link variable which satises the classical equation




n+^ = exp (iAn) : (C.3)
We can evaluate these vacua in the expansion in terms of An using the
Hamiltonian perturbation theory. Then iSWZW is obtained in the following
expansion,





This result is further expanded in terms of . The linear term in  gives the con-
tribution to the classical equation. (Note that the formula of this contribution
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given in Eq. (3.4) is evaluated directly from the rst expression of Eq. (3.17).)
The quadratic term in  is what we need for the one-loop calculation by the
background eld method.
C.1 Background vacua
The second quantized Hamiltonians Eq. (2.7) with the pure gauge link variable
of the classical solution are divided into the free part and the perturbative part.
(Here after we omit the suxes of the signature of masses, , as long as it does





















































































(cosA(q − p)− 1) :
(C.8)
We denote the eigenstates of the free Hamiltonian as
H^0jni = Enjni; (n = 0; 1; : : :): (C.9)
We also denote the one-particle state normalized eigenvectors of Hamiltonian





























v(p; s)v(p; s)y: (C.13)






































+ O(V 3): (C.14)
Since our perturbation V^ is bilinear in the fermion operators, only the two-
particle states can contribute as intermediate states. The fermion number is also
conserved by the perturbation and the total fermion number of the intermediate
states always vanishes because we are considering the vacuum to vacuum tran-






























Matrix elements which appear in the above formula of the ground state
perturbation can be evaluated as follows:




nV^ j0i = +S
v(m− n)Tr fV  S
vg − Su  V  Sv(m;n) ;
(C.17)
h0jaymanV^ j0i = −S
v(n−m)Tr fV  S










= +Su(m1 − n1)11S
u(m2 − n2)22Tr fV  S
vg
+Su(m1 − n2)12S
v(m2 − n1)21Tr fV  S
vg
−Su(m1 − n1)11S
v  V  Su(m2; n2)22
−Su(m1 − n2)12S
v  V  Sv(m2; n1)21
+Su  V  Su(m1; n2)12S
v(m2 − n1)21
−Su  V  Su(m1; n1)11S






= +Sv(m1 − n1)11S
u(m2 − n2)22Tr fV  S
vg
−Su(m1 − n2)12S
v(m2 − n1)21Tr fV  S
vg
−Sv(m1 − n1)11S
v  V  Su(m2; n2)22
+Su(m1 − n2)12S
v  V  Sv(m2; n1)21
−Su  V  Su(m1; n2)12S
v(m2 − n1)21
+Su  V  Sv(m1; n1)11S
u(m2 − n2)22 :
(C.20)















































































































u(q)V (q; p)Sv(p)V (p; q)g :
(C.24)
C.2 Overlap with insertion of ^
Given the expression of the background vacuum, its overlap to the free vacuum
with the insertion of the operator of the gauge fluctuation ^ is evaluated as
h0j^jvi



























































































































































C.3 Expressions of iS1WZW [
2;A] and iS2WZW [
2;A2]
By inserting the quadratic terms of the above expansion into Eq. (C.25) and































































































































































































































































It is not dicult to check that these two terms change the sign under parity
and charge conjugation transformations and invariant under CP transformation.
There is no reason based on symmetry for these terms to vanish at nite lattice
cuto.
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C.4 Properties of iS1WZW [
2;A] and iS2WZW [
2;A2]
We rst show that the leading term iS1WZW vanishes identically,
iS1WZW [
2;A] = 0: (C.37)












eik1(l1−m)+ik2(l2−m) Γ1WZW (k1; k2);
(C.38)









































γ5 [iγ sin(l − k2) +
P







γ5 [iγ sin(l + p) +
P
















γ5 [iγ sin(l − k2) +
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γ5 [iγ sin(l + p) +
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γ5 [iγ sin(l − k2) +
P




γ5 [iγ sin(l + p) +
P













γ5 [iγ sin(l − k2) +
P





By the charge conjugation transformation, we can see that this vertex is satisfy
the relation
Γ1WZW (k1; k2) = Γ1WZW (k2; k1): (C.40)



















eik1(l1−m)+ik2(l2−m) Γ1WZW (k1; k2);
(C.41)
and vanishes identically for anomaly free theories. Even for anomalous case, it
is easily seen by the γ5 book-keeping that Γ1WZW  itself vanishes because of
the vanishing trace in the spinor space.
Next we turn to the property of the next-to-leading term iS2WZW . Its















Γ2WZW (p; k1; k2);
(C.42)
where (q + p+ k1 + k2 = 0)









(l + q) + (l)
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γ5 [iγ sin(l − p − k2) +
P
(1− cos(l − p − k2))m0]





γ5 [iγ sin(l + q) +
P





γ5 [iγ sin(l − p) +
P




γ5 [iγ sin(l − p − k2) +
P
(1− cos(l − p − k2))m0]




By the charge conjugation transformation again, we can see that this vertex is
satisfy the relation
Γ2WZW (p; k1; k2) = Γ2WZW (q; k2; k1): (C.44)


























Γ2WZW (p; k1; k2);
(C.45)
On the other hand, the factor of the trace of the spinor space is evaluated
as
1













































































































































From this expression, we can see that the trace vanishes if we set p = 0 and
q = 0(k1 + k2 = 0). Therefore iS2WZW satisfy the following property
Γ2WZW (p; k1; k2) = 0; at p = 0; k1 + k2 = 0: (C.47)
In summary, iS1WZW vanishes identically for anomaly free theories as well
as anomalous ones. iS2WZW vanishes identically for anomaly free theories.
It vanishes at the kinematical limit p = 0 and q = 0(k1 + k2 = 0) for anomalous
theories. In fact, the latter property of iS2WZW and the vanishing iS1WZW
are sucient to prove the one-loop renormalizability of the pure gauge model,
as we will show in the next section.
D One-loop renormalizability
In the text, we have shown that the pure gauge model of the anomaly-free non-
abelian chiral gauge theory dened through the vacuum overlap is renormaliz-
able at one-loop. In this appendix, we discuss the one-loop renormalizability
of the pure gauge model from a more general point of view which could cover
anomalous theories, as well. We will see that even for anomalous theories, the
pure gauge model is one-loop renormalizable.
It is instructive to have a general formula for the quantum correction to the
classical action without taking account of the properties of iSWZW specic to
anomaly-free theories. The quantum correction to the classical action can be
expressed up to the fourth order in An, c and c as follows:













2]i0 + hiS1WZW [A]S1[A]i0; (D.2)





S1;1[A; (c; c)] = hS2c[A; (c; c)]i0 + hS2c[(c; c)]S1[A]i0
+hS1c[c=c]S1c[A; c=c]i0




























































































The local operators of dimensions less than ve which can be written in terms of
the pure gauge potential A and the ghost and anti-ghost elds, c and c, preserve
parity and charge conjugation. Therefore the imaginary parts of the above ex-
pressions do not contribute to these operators. Then we can see from the above
expansion that if iS1WZW [A] vanishes identically, the nontrivial contribution
from the imaginary action iΓWZW to the local operators of dimensions less






This contribution, however, turns out to vanish by the following reason. We can
rst take the local operator limit of the product of the two pure gauge vector
potential A’s in each vertex: this corresponds to the kinematical limit p = 0
of Γ2WZW (p; k1; k2) in Eq. (3.25). By the Gaussian functional integration, the
two ’s in one vertex are \Wick-contracted" to the two ’s of the other vertex.
The local operator limit of the four A’s
(AnAn) (AlAl) −! AnAnAnAn+(AnAn) (l−n)γrγ (AnAn)+    ;
(D.8)
then corresponds to the kinematical limit of the vanishing net momentum flow
through the two propagators connecting the two vertexes. This is nothing but
52
the kinematical limit k1 + k2 = 0 of the vertex Γ2WZW (p = 0; k1; k2), at which
it vanishes. We should note that this limit is IR nite because we have the mass
term for the IR regularization. The momentum dependent terms should give
the local operators of dimension higher than four.
Therefore, the pure gauge model is renormalizable at one-loop, both for
anomaly-free theories and for anomalous theories. This means that the quantum
and dynamical eect of anomaly will show up at higher order, unlike the two-
dimensional case.
Using the explicit expression, it is also not dicult to see that the imaginary
contribution in Eq. (E.2) vanishes:
hiS2WZW [
2;A2]i0 = 0: (D.9)
E Detail of one-loop calculation
In this appendix, we describe in some detail the calculation of the one-loop
contributions, Eqs. (3.32), (3.33), (3.34) and (3.35):













S1;1[A; (c; c)] = hS2c[A; (c; c)]i0 + hS2c[(c; c)]S1[A]i0
+hS1c[c=c]S1c[A; c=c]i0:
(E.4)
The propagators of the quantum fluctuations of the gauge freedom and the































The contribution, Eq. (E.1), is easily seen to vanish because of the anti-
symmetric nature of the group structure constant in the vertex, Eq. (A.4).
hS1[A]i0 = 0: (E.7)











r fTr [(n+^[n+^; T
a]
+n[n; T
a] + [T a; n+^]n+^

































































































































































Tr (cosAn − 1)
(E.8)
Noting the relations, facdf bcd = Nab and dacddbcd = N
2−4
N
ab and using the
identities
(r2)2G(n−m) = nm − 
4G(n−m); (E.9)
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r2Gc(n−m) = −nm; (E.10)














































n [G(−) +G(−)−G(−− )−G(0)]
+ O(4):
(E.11)



















































































































































































































































































































[Gc(n+ ^−m− ^)−Gc(n+ ^−m)]


















[Gc(n+ ^−m− ^)−Gc(n+ ^−m)] [Gc(m− n− ^)−Gc(m− n)] :
(E.16)
As for the second contribution, we can see by noting the identity,
r2G(n−m) = −Gc(n−m) +O(
4); (E.17)
that the last four terms are canceled by the forth contribution of the ghost elds.
Under the assumption that the classical solution is suciently slowly varying,
rAn << An; (E.18)
we extract the rst order term in the local operator limit,
Aam −! A
a
n + (m− n) rA
a
n +    : (E.19)
Then the rst contribution turns out to vanishes. In the second contribution,
































n−^; [G(−^) +G(−^)−G(−^ − ^)−G(0)] :
(E.20)
And we can see that they cancel the last four terms in Eq. (E.11). As to the




r2G(m+ ^ − n)−r2G(m− n)
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ln(a0) + C: (E.22)











































and Γ(p) can be expanded in terms of the momentum p as
Γ(p) = [G(1)−G(0)]− ip G+O(
4; p2): (E.25)




































The contributions of ghost elds Eqs. (E.3) and (E.4) can be calculated in
a similar manner and we nally obtain Eq. (3.40)












F Eect of Gauge symmetry breaking term
In this appendix, we describe in some detail the calculation of the one-loop
contributions in the case with the explicit gauge symmetry breaking term. We
rst give the explicit formula of the explicit gauge symmetry breaking term
expanded in terms of the fluctuation of the gauge freedom, Eq. (4.3):
SB[exp(i)g] = SB [g] + SB 0[
2]
+ SB 1[
2; sinA] + SB 2[






























































The quantum correction to the classical action can be divided into two
classes: the rst class consists of the contributions which does not have the
gauge-breaking vertexes from SB and are given by the same expressions as
Eqs. (3.32), (3.33), (3.34), (3.35). Corresponding equations are in the appendix
E as Eqs. (E.1), (E.2), (E.3), (E.4). Here we have taken account of the fact that
M20 should be counted to have mass dimension two and omit Eqs. (3.36) and
(3.37).
The second class consists of the additional contribution due to the gauge-
breaking vertexes. They are given up to the second order in A as follows:
SB 1[A] = hSB 1[A]i0; (F.7)
SB 2[A





2i0 + hSB 1[A]S1[A]i0: (F.8)
The contributions of the rst class can be evaluated in a similar manner
described in the appendix E, by just noting the dierences in the relations




r2GB(n−m) = −Gc(n−m) +M
2
0GB(n−m); (F.10)

















































[GB(m+ ^ − n− ^) +GB(m− n)
















2GB(m+ ^ − n− ^)
−r2GB(m− n− ^) +r











[Gc(n−m) +Gc(n+ ^−m− ^)
−Gc(n+ ^−m)−Gc(n−m− ^)]
[Gc(m− n) +Gc(m+ ^ − n− ^)























ln(M0) + CB (M0 << 1): (F.12)











[−GB(m− n) + 3GB(m+ ^ − n− ^)
−GB(m+ ^ − n)−GB(m− n− ^)]
+Gc(n+ ^−m− ^)
[3GB(m− n)−GB(m+ ^ − n− ^)
−GB(m+ ^ − n)−GB(m− n− ^)]
−Gc(n+ ^−m)
[−GB(m− n)−GB(m+ ^ − n− ^)
+3GB(m+ ^ − n)−GB(m− n− ^)]
−Gc(n−m− ^)
[−GB(m− n)−GB(m+ ^ − n− ^)












[ 4Gc(n−m)GB(m+ ^ − n− ^) + 4Gc(n+ ^−m− ^)GB(m− n)
−4Gc(n+ ^−m)GB(m+ ^ − n)− 4Gc(n−m− ^)GB(m− n− ^)
− (Gc(n−m) +Gc(n+ ^−m− ^)
−Gc(n+ ^−m)−Gc(n−m− ^))
(GB(m− n) +GB(m+ ^ − n− ^)










































ln(M0) + ~CB (M0 << 1): (F.14)
As to the contributions of the second class, it is easily seen that Eq. (F.7)
vanishes. In Eq. (F.8), only the rst term contributes to the local operators of


















Combining these result, we obtain
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